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On Laplace-Riemann Derivatives
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Abstract: The basic properties of the n™" Laplace-Riemann
derivative of a function f at a point x is studied.
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1. INTRODUCTION

In the past different types of derivatives were defined and

investigated [1]. Laplace derivative and Riemann derivative
are such two derivatives [6]. Laplace derivative was first
introduced in and studied in [2]. Laplace-Riemann
derivative is another generalization of ordinary derivative
which is defined with the help of the concept of the previous
two derivatives [5]. In this section, we have studied the
order Laplace-Riemann derivative and have shown by
example that the Laplace-Riemann derivative is more
general than the ordinary derivative [3]. Also, we have
proved some theorems regarding monotonicity and Mean
value property for the Laplace-Riemann derivative of a
function having Upper semi-continuity and property D [8].

A. Definitions and Notations

Definition 1.1: Let f :R — R be a function, which is

specially Denjoy-integrable in some neighborhood of
X € R .If the limit

n+l 0

lim>— e "A"(f, x,t)dt

s»o Nl 5

exists then it is said to be the n" right Laplace-Riemann
derivative of f at X and is denoted by LRD, f(X). If

the limit
Sn+1 o
lim(-1)" >— j e A" (f, x,~t)dt

nl s

S—0

exists then it is said to be the left Laplace-Riemann
derivative of order n off at x and is denoted by LRD, f (X)

If both LRD, f(x) and LRD, f(X) exist and are

equal, then the common value is called the N —th Laplace-
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Riemann derivative of f
LRD, f (x) [4].
The Definitions are independent of O [ 4].

at X and is denoted by

B. Propeties of Laplace-Riemann Derivative

To study properties of Laplace-Riemann derivative,
following lemmas are used.

Lemma 1.1: If w(t) =0(t"), then

(i)
n+l o h
lim>— [ ey (t)dt = 0, (ii) lim ljﬂdt =0.
s»o nl 0 h—\0 h 0 t"
The proof is given in [4].
Lemma 1.2: If p, q are positive integers and ¢ > 0 then

)
sq'[e’s‘tpdt =p!s®P*+0(1) as s —> .
0

The proof is given in [5]
Lemma 1.3: If p, q are positive integersand o > 0 then

o
sq'[e’s‘tpdt =p!s®P*+0(1) as s — .
0

The proof is clear [6]
Also, we know:

1.For f :R — R be a function, which is special Denjoy
integrable in some neighborhood of X € R, if the n"
Peano derivative of f at X i. e. f (X) exists then
LRD, f (x) f (xX)=LRD, f(x) .The
converse of the Theorem is not true [4].

2.1f the N™ general derivative of f at X i.e. f"(X)
exists then the N —th Laplace-Riemann derivative of f at
X i. e. LRD,f(X) exists with same value but not

conversely [3].
3.RD_ f (x) < LRD; f (x) < LRD f (x) < RD f (x)

exists and

is not true in general [4].
4.LD; f(x) < LRD; f (x) < LRD; f (x) < LD/ f (x)

n" Laplace derivative off at x respectively. The converse is
not true in general [7].
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On Laplace-Riemann Derivatives

Remark: Laplace-Riemann derivative is more general than ordinary derivative, Peano derivative, Laplace derivative,
Riemann derivative.

C. Basic Property
1) LRD, (f +9)(x) =LRD, f (x) + LRD,g(x).

Proof.
LRD, (f +g)(x)
n+1 o
—lim>— Ie‘S‘A (f +g,x,t)dt
n+l§
~lim |je-~“2( )™ ’(jj(f+g)(x+jt)dt
S—o0 n 0
n+l<5 n+15
—lim>— ' Ie—stz( 7)™ J( ]f(x+1t)dt+l|m je‘“Z( H™ ‘( jg(x+1t)dt
S— n 0 0
n+l ) n+1 5
“lim>— je’s‘A (f, xt)dt+I|m je’S‘A (g, x,t)dt
S—oo n
=LRD, f (x)+ LRD,g(x) .

2)For a scalar k, LRD, (kf )(x) =KLRD, f (x)

Proof.
LRD, (kf )(x)

n+1 )

—lim > j e A" (kf , x, t)dt
n+15
—lim>— je-st ( )™ ’(jj(kf)(x+jt)dt.
0
n+15
—Kklim> J'e’“A (f,x,t)dt
S—o0 n
:kLRan(x)

3)LRD, (f —g)(x) =LRD, f (x) - LRD,g(x).
[Evident from 1) and 2)]
D. Example of Laplace-Riemann Derivative of Some Common Functions
(et f(x)=¢e".
AY(F x, 1) = f(x+t)— f(X)=e*" —e* =[e' —1]e*

Lt Y . et -1 e¥-1
lims*[ e A(f,x,t)dt = lim szje‘“[et —1]e*dt = lim s = ¢
S0 5 s> 5 s—m 1-5s —-S

Thus, LRD, f (x) =e*
AP, xt) = f(x+2t) = F(x+t)+ f(x) = —e* 1 e* =[e* —e' +1]¢"
LRD, f (x)

S
= Iim—je*S‘Az( f,x,t)dt
S—0 2! 0

3¢
=lim= | e *[e* —e' +1]e*dt

S—© |
0
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soo 2l 2—-5 1-5 -8

e-sﬁ} . 53[—1 -1 —1}
+e*lim=—| —-—+—

. S3 e—(5—2)§ _1 e—(s—l)é' _1 e—55 _1
=e*lim— - +
s—o 21 2-5 1-5s -S
. S3 e—(s—2)§ e—(s—l)§
=e*lim— -
soo 21l 2—3 1-5s -S
=0+e*
:eX

Thus LRD, f (x) =€”

GiyLet T(X)=x2.

AT, X, t) = F(X+1) = F(X) = (X+1)* =Xx* =t(2X + ) = 2t +

A%(f,x,t)
= Af (X +1) — Af (X)

=[F(x+2t)— F(x+)]=[f(x+1)— T ()]

= f(x+2t)—2F(x+1)+ f(X)

= (X+2t)* =2(x +t)* + x?
=2t*

Sz 5 Sz 5 Sz 5
LRle(x):Iimﬁje’“Al(f,x,t)dt:2x|imF e’“tdt+2|im—I e "'t?dt = 2x
—>® - O - O -

S—

S§—

30 30
LRD, f (x) = lim > [e A% f,x,t)dt = 21im > [ e *t’dt = 2.
s 21 0 s—o 21 5

I1. MAIN RESULTS

Theorem 2.1: Let f be a non-decreasing function in [a, b],

LRD; f >0 in[a,b].
Conversely,

suppose @LRD; f >0 in fifa,b]

in@[ab], LRD, f and LRD; f existin a set E contained
in @$[a, b]S, LRD; f,LRD; f €B,(E).
Moreover, if (i)LRD,f is finite, (ii) LRD,f s

then

continuous in @E, i=0,1,..,p, (iii) LRD;+1f and
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LRD,,, f exist in E, then
LRD,,,f,LRD_,f € B,(E).
Proof.

Given {/o'f is a function which is continuous in [a, b], ol
LRD, f and {#%iLRD, f exist in a set /0iE contained in

folla, b].

Since {0iLRD/f and [0iLRD; f exist in E,
5

lims*| e A(f,x,t)dt and 0

S—0

)
lim(=1)"s? j e A(f, x,t)dt
0

exist in E. Let,

Published By:
Lattice Science Publication (LSP)
© Copyright: All rights reserved.

www.ijam.latticescipub.com


http://doi.org/10.54105/ijam.D1124.04021024
http://www.ijam.latticescipub.com/

On Laplace-Riemann Derivatives

F (x)= nzj'e‘”‘Al(f X )dt, G, (X) = (—1)n2je‘”‘A1( f xt)dt

It is obvious that F, (x),G,(X) are continuous in E.
i
limF,(x) = LRD; f (x), IimGn(X) =LRD, f(X)

p+2

Phi, (x) =

(P+D)!5

It is obvious that [70id_ (X), ¥ (X) are continuous in E.

nIImCD ((x) = LRDp+1f(X),|im‘Pp+l(x): LRD,,, f(x)
So, LRD!

o F(X),LRD,,, f(x) e B,(E).

Note 2.1. : Let f be a function /olin [a, b]. If f is non-
decreasing in [a, b], then LRD, f(X) >0 in [a,b].

Proof. Suppose «, ff €[a,b], suchthat & < #? So,
f(a) < 1(p).

Now, for any 0} X, € (&,b) and for any & satisfying
0<d<(b—x,),wehave f(x,+0)= f(X,).

A"(F,x,h) = Zn:(—l)”“ m F(x+ih)

p+1

Let us take h(>0) in a way such that
max{0, h,2h,...,(n-1)h}<o.

Hence,

A"(f, %y, h)

% n—i n -
:;:(_1) (ijf(xoﬂh)
= A"(f,x,,h) > f:(—l)"’i [Tj (%) + (X, +nh)

= A"(f,%,,h) > f(xO)Z( 1)"'[ j+f(x +nh) = f(x,)

= A"(f,%,,h) = f(x,)(-1+1)" + f (X, +nh)— f(x,)
= A"(f,%,h) > f (%, +nh)— f(x)=0

Then ol
n+l 6

LRan(x)=Iim Ie‘S‘A (f,x,h)dh >0,

provided the limit exists.
Theorem 2.3: Let foi f be an upper semi-continuous

function with the property D in the closed interval [a,b]. If
E={xe[a,b]: LRD, f(x)f <0} and f(E) has no
sub-interval, then f is non-decreasing in [a,b].

Proof.  Suppose «, /3 €[a,b], such that fojax < 3.

So, f(a)> f(p).
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je’”tAp*l(f X, t)dt, ¥ _(x) = (-1)"* ————

So, 70} LRD;" f (x), LRD; f (x) € B,(E).
is finite, (ii)/0}

f

Suppose, moreover, if (i)/0} LRD f
LRD, f is continuous in E, i =0,1,..., p, (iii) LRD

and ! f() LRD

p+1

p+l

5

j e AP f, x, t)dt,

n p+2

(p+D)!y
Now, let Yy, € (f(a), f(f)) such that Yy, doesnt
belong to (/0 f (E).

Let S :{x € [a b]: f(x)> yo} and {/0i X, = supS
property D in [a,b],
Therefore, f(X,)>Y,. We will show that f(X,)=Y,.

oS is closed and thus X, €S

If not, there exist 77 satisfying f(f8) <y, <n< f(X,)
and & € (Xo,ﬂ), such that f (&) =7 . It contradicts that
Xo =SupS.so, f(X,)=1Y,.

Since f is an upper semi-continuous function with
property D in [ab] and X, </, for X, <X < [, if}
f(x)< f(x,).

Ifi0i0 <8 < (B —X,), then f(X,+0)—

Again,
property
neighbourhood U of X, such that y< f(X)<y, ,
whenever X eU .

A"(f,%,h) = Zn:(—l)”‘i m f(x, +ih)

Let us take h(>0) in a way such that X, +iheU

f(x,)<0.
f being upper semi-continuous function with
D in [a b], for any Yy,>Y there is a

Xo+nh

forall i =0,1,...,n and max{0,h,2h,...,(n—-1)h}< 6.
Therefore,
A"(f,%5,h)
N m £ (%, +ih)
= A"(f,x,,h)< ni(—l)”i(?] f(%,)+ f (%, +nh)

= A"(f,x,,h)< f(xO)Z( 1)”'( j+f(x +nh)— f(x,)

= A"(f, %, h) < F(%)(-1+D)" + f (%, +nh)— f(x,)
= A"(f, %, h) < f(X,+nh)—f(x,) <0
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Then
n+l &

LRD, f (x,) = Iims—'je*S‘A”(f,xo,h)dh <0,
S—0 n_ 0

implies X, €S and hence Y, € E, a contradiction.

So, our initial assumption is wrong. There cannot be
a, B €[a,b], such that « < S. So, f(ax)> f(pf). So,
{70 f is non-decreasing in [a, b].

Theorem 2.4 : Let f be an upper semi-continuous
function which has the property D in [a, b], &
LRD,f(x)>0 in [ab] except an enumerable set E .
Then f isnon-decreasing in [a, b].

Proof.  Suppose 0> 0 be arbitrarily small number and
g(x) = f(x)+ox.

..... LRD;g(x)
teend n+l &

=lim® —[e#"(g,x h)dn
0

so» nl

n+l o

Jer=an(1,xhydn, 1(x) =

Sn+1 s

n!

=lim

soe nl

5
[e=a"(F, % hydh+olim
0

= LRD, f (x),

Here, g is also an upper semi-continuous function with

property D in [a, b], moreover g(E) is measurable thus
contains no sub-interval. So, ¢ is non-decreasing in [a,b].

decreasing in [a, b].
Theorem 25 : Let f be an upper semi-continuous
function which has the property D in [a, b],

in [a,b] except A.
We consider an arbitrary small positive number 0 and

LRD, g(x)
n+l o

- Iims—l [ea"(g,x,n)ah
"0

§—0 n

sn+1 ) Sn+1 )
=lim>— j e “A"(f,x,h)dh +olim>— j e A" (c, x,h)dh
S—00 n 0

S0 nl

=LRD, f(x) + RD,o(X),
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Therefore, i LRD, g(X) >0 almost everywhere in {]a,
b] except A. Hence, g is non-decreasing in [a, b].
Since O s arbitrarily small positive number, f is non-

b] except a set A of measure zero is  polynomial
ax* +bx*?+..+ 4, where the co-efficients are all
positive and K is an even natural number.

Theorem 2.6: If f is continuous and LRD, f(X)

exists then LRD, f (X) has Darboux property.

Proof.  Let us consider that & LRD, f (X) does not
have Darboux property, then there exist «,  such that i
f(a)<0,f(B)>0 but LRD,f(x)=0 for any
xe(a,p).

Further, suppose
E* = {xe[a, B]: LRD; f(x) >0}, E" = {xe[, B]: LRD; f(x) <0},

theniil[ar, B1=E"JE .

Let Q be (if any) non-degenerate component of W E™ .

being continuous and non-decreasing inixic,d], i
LRD, f (c),LRD, f(d)>0. Therefore c,d €Q,
implies that Q is a closed interval. Q being arbitrary,

every non-degenerate component of E™ is a closed interval.
Following similar arguments, it can be shown that every

non-degenerate component of E™ is a closed interval.

Let @Q",Q  be the collection of all non-degenerate
components of @WE" and E~ respectively. Let [
Q'=Q"UQ . Then any two distinct members of & Q’
are disjoint.

Hence, P=[a,]1-UQ%QeQ’, is perfect and

LRD; f has no point of continuity in P relative to P,
which is a contradiction as LRD, f € B[e, S].

Therefore, LRD, f (X) must have Darboux property.
Theorem 2.7: Mean Value Theorem

If & f is continuous in [a,b] and LRD, f (X) exists in
(ab) then there exists Ce(a,b) such that &
f(b)— f(a)=(b—a)LRD,f(c).

Proof. Here we may have following two cases -

Case1: Let f(b)=f(a).

Then,
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Subcase 1- Incase LRD,f(x)>0 or LRD, f(x) <0

ensuring the existence of C.

In case f is not monotone, LRD, f (&) <0
and LRD, f(£)>0 for some «, /3 in (a, b) and hence
there exists & e(a,b) such that LRD,f(&)=07?,
implying c =&.

Case 2: Let f(b)= f(a). Then, suppose &
d(x) = f(x)— AX, Clearly, @ is

Subcase 2-

A =constant.

Let us take i A = M . Thus, @D (b) = d(a) .
a

By Case 1, there exists @ice(a,b) such that &
LRD,®(c)=0
— LRD, f () =1 P)=T(@)

b-a

This completes the proof of the theorem.

111. CONCLUSION
f(a)= f(b) and
then

If f is continuous in ifa, b],
LRD, f(x) exists in ii(a,b)
c e(a,b) suchthat LRD, f (c) =0.

there exists
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